A theory for the determination of the focal nucleation size of oscillatory membrane (or thin layer) reactions is developed on the assumption that the focal domain is square planar. From this, one can estimate that, for a period of the oscillatory mode of, say, 5 min and lateral diffusion coefficient of _10-9 cm2/sec, the critical focal area would be of the order of 148 Lm2, corresponding to a linear dimension of~12.2 ;m2.
That a spatial domain imbedded in a selectively buffered reaction system, in which an undamped oscillatory reactive mode couples to diffusional transport, can support dynamically coherent structures (at the expense of a finite rate of energy dissipation) is by now a theoretically and experimentally established fact. But such dissipative structures-which take the form of regular spatiotemporal patterns in the particle number density distribution of the reaction components-can be nucleated and arise only if the focal size of the domain is beyond some critical value.
In an earlier paper in this journal (1) , I have derived a global expression for the critical minimal size in the case of a general multicomponent system possessing an undamped oscillatory reactive mode for domains spatially confined such that translational diffusion of the components occurs along a principal axial coordinate. In a subsequent work (2) it was shown that, under the assumption that the translational diffusion matrix is diagonal, the estimate given in ref. 1 can be applied to reactive processes in liquid solutions in which an arbitrary number of inert components are present, in addition to the buffered and unbuffered reactants. Hydrodynamic estimates of the intrinsic critical size-in the case, for example, in which the molecules of the slowest diffusing component of the oscillatory reactive processes are rodlike or randomly coiled-were obtained in terms of the period of the oscillatory mode, of the average viscosity and of the equivalent Stokes radii (using angle-averaged values for the Stokes frictional coefficients) of the molecules of the slowest diffusing reactive component.
Since the publication of refs. 1 and 2, several inquires have been directed to me concerning how the analysis given there can be extended in certain rather interesting directions. One such query was along the following lines. For a buffered set of reactions possessing a nonlinear oscillatory reactive mode and taking place in an ultra-thin layer of a condensed phase or membrane, how can one proceed to calculate systematically a global expression for the minimal focal nucleation size, assuming that the imbedded focal domain is looked upon as a square patch of the condensed thin layer or membrane?
Of late it has of course become possible to determine experimentally the lateral diffusion coefficients of nonlipid molecular The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U. S. C. §1734 solely to indicate this fact. 4313 components in biological membranes. One only need mention the measurements of the lateral diffusion coefficient of certain marked antigen molecules in the membranes of cultured muscle cells (3), which yield a diffusion coefficient of the order of 10-9 cm2/sec, as well as the measurements of the lateral diffusion coefficient of the protein molecule rhodopsin in the retinal photoreceptor membrane (4), which yield values of the same order of magnitude.
In the present communication I explore the problem as posed above in the setting where the focal domain is a square planar thin layer of condensed medium or membrane imbedded in a "hydrodynamic continuum" of the same kind and whose thickness is roughly of the same order of magnitude as the largest molecular dimension of the slowest diffusing component of the reactive process. For bilayers of biological interest, this thickness would be of the order of several nanometers. In the next section I derive theoretically an expression for a global estimate of the critical focal nucleation size, using fixed-point methods. As observed in the Discussion, for an oscillatory reactive mode with a period, say, of 5 min and a diagonal translational diffusion matrix with diffusion coefficient for the slowest diffusing component of the order of 10-9 cm2/sec, the calculations imply that the critical focal nucleation size would be of the order of 148 ,um2-corresponding to a linear dimension of the critical focal domain of 12.2 inm.
In the Discussion I also present alternative particular forms of the estimate (i) for the case of lipid membranes above their transition temperatures, when it is desired to express the critical focal nucleation size in terms of the diffusion coefficient of the constituent phospholipid molecules and of the molecular sizes of both the phospholipid molecules themselves and of those of the most massive molecules involved in the reactive process (those belonging to the slowest diffusing component), and (ii) for the case in which it proves more suitable or practical to employ directly as data the viscosity and thickness of the condensed thin layer, together with the knowledge of the size of the molecules of the slowest diffusing component of the reactive process. Critical focal size We can consider as reaction medium either a thin planar layer of a nonmesomorphic condensed phase or a mesomorphic membrane (e.g., a phospholipid mono-or bilayer). As noted before, for membrane bilayers of biological interest, the thickness of the reaction medium is of the order of several nanometers. A square domain in the thin planar layer with one corner fixed on the origin of the spatial coordinates, and with one side coinciding with one of the coordinate axes, will be indicated by A,:
a,], [1] in which a, has a positive value. Denote by rF the boundary of the domain As Assume that an n-component nonlinear reactive process, with m buffered reactants, is taking place in the thin condensed layer-the reaction process being capable of exhibiting an oscillatory reactive mode. For any given point r-= (rli,r± ), we write the generally nonlinear reactive flux on the thin layer as [At X(:)Ichem = J(x(1r);#,k)- [2] Here x(r-) denotes the n-vector whose components are the particle number densities of the n reactants with respect to which the system is closed; , is the m-vector of the buffered number densities of the m reactants with respect to which the reaction system is open, with k signifying the vector of kinetic coefficients. The period associated with an undamped oscillatory mode of 2 will be denoted by T(fl,k).
The coupling of lateral diffusional transport in the thin layer and of the reactive process can be defined by the continuity equation btx(r) = D(all2 + -L2)x(i) + J(x(-);O,k), [3] in which the transverse and longitudinal parts of the Laplacian are of course defined in terms of the transverse and longitudinal spatial coordinates, and D stands for the matrix of diffusion and cross-diffusion coefficients. We can treat the quite general case in which-denoting the operation of differentiation with respect to the inner normal to the boundary F, as 6ik-we have the boundary condition arx(-) = 0.
we shall need to seek the solution x(r') of Eqs. Corresponding to the Banach norm defined by Eq. 7a, the consistent and subordinate matrix norm is the same one as that used in ref 1. Thus, in particular, the inverse diffusion matrix admits the norm 5*:
Furthermore, designate for r-C F8:x(r) = x°( V) < a0.
[4b] The solution of the continuity equation 3 for any domain A withboundary F is given by x(r) = JVzx(i), in which the operator NjA is defined by NVAx(r-) = A(r) + ddr'G,(r';r')D-'J(x(r);#,k), [5a] with the boundary part A(i) of the above operator being given by A(r)= J' dixO(r)('GS(r;r:).
[Sb] drll'drj' G8(rll,ri;rll',rj_'). -(8l12 + 2)Gs(i;i') = 5(r-r'), [6a] in which the right-hand side denotes a two-dimensional Dirac 6 function, and such that GQ(i;i') = 0 on r.
[6b] In particular, in the square planar domain As given by 1, which is of present interest, the Green's function would need to conform to the boundary condition 4a so that 6 F'SGS(r;r',) =°[ 6c] has to hold, implying that, for A., the solution to the continuity equation is given simply by Eq. 5a with the boundary part of the operator vanishing identically. This serves to define the Hammerstein operator JA>.
At this point, a few words to preface the calculations which are to follow would not be superfluous. By reason of the fact that the focal nucleation size for instabilities that lead to coherent spatiotemporal structures on the condensed thin layer can, on general grounds (5), be expected to be of macroscopic extent, [8] The appropriate kernel for the square planar domain is the Green's function Gs(riri;r4i',ri') = 2a E sin (irqr l/as) sin (Arlr l/a,) a2qI (q/a,)2 + (i/a,)2 X sin (7rqrl11'/as) sin (rlr1'/as) [9a] (q9/as)2 + (i/a8 )2 which has the extremal property max drII'drL'Gs(rll,r_ ;ri,',rI') = (as2/8) [ 11-11,) that its right-hand side admits. This relation can be put in the form Xm = 4e/T(#f,k), [10] in which e 2 is a dimensionless constant. Owing to the tightness (7) of the fundamental inequality, the e defining the minimal Lipschitz constant can differ only very little from unity. On utilizing Eqs. 9b and 10, the relation 8 yields ILNA6'.x(') -W.x0)II [(6*a,2/2Tr(ft,k)]
X [1 -(32/w3)(cosh (r/2))-l] 1x(') -x(J)II, [11] which IshowsIthatiJ A9 would in fact be a contractive Hammerstein operator provided the numerical factor on the righthand side (appearing before the normed quantity) is less than unity. This follows from the Banach fixed-point theorem (6) . Based on the classical results of Hammerstein (8), a little reflection shows that one would end up getting a closer estimate of the critical focal nucleation size if instead of using in our analysis the extremal value of the integral over A. of the Green's function given by Eq. 9b, one instead replaced it with the eigenvalue 0*[Gs(rF;r)] of the Green's function with maximum modulus. This eigenvalue is given by 6*(Qs(rF;r)) = a.2/2w2. [12] Clearly, refinement in this direction has the effect of replacing in 11 the dimensionless factor [1 - .AJc(A8) with respect to e has been taken in arriving at the estimate. In the Discussion, two particular forms of the above estimate will be presented-valid in the case in which the diffusion matrix is diagonal-in terms of two different sets of physicochemical coefficients. The fact that the estimate for the focal nucleation size arrived at in Eq. 13a-and, by extension, others derivable from it-is dimensionally consistent (i.e., with dimension of area) is easily checked. Discussion A spatial domain forming part of an ultrathin condensed layer or membrane will be completely transport dominated, and therefore no chemically induced spatiotemporal patterns on the plane of the membrane can arise-as a consequence of the coupling of a nonlinear oscillatory reactive mode and of lateral diffusional transport-if the domain is below some critical focal size. We have deduced in the last section that this focal size can be estimated for a multicomponent reaction system by the expression Ha under the assumption that the focal domain is square planar.
As has been mentioned in the opening paragraphs, it has become possible during the past several years to measure the lateral diffusion constants of nonlipid molecules in lipid membranes. We have cited the classic measurements of the lateral diffusion coefficient of certain marked antigen molecules in the cell membrane of cultured muscle fibers (3) as well as the lateral diffusion coefficient of rhodopsin molecules in the retinal photoreceptor membrane (4), measurements that both yield values of the order of 10-9 cm2/sec. Other measurements, employing fluorescent photobleaching methods, of the lateral diffusion coefficients of fluorescein isothiocyanate-labeled protein molecules in the cell membrane of cultured fibroblasts, reveal lateral diffusion coefficients (for these nonspecifically labeled proteins) in the order of 10-10 cm2/sec (9) . Observe that fluorescein isothiocyanate labeling is nonspecific both with respect to the function and to the antigenic properties of the surface proteins involved. The 10-fold difference between this value of the lateral diffusion coefficient and that of the ones previously cited is attributable to the presence of transmembrane as well as submembrane molecular linkages which are now known (10) to modulate the lateral degrees of freedom of certain integral membrane protein molecules, most notably surface receptor glycoproteins such as those having the ability to bind to lectins; but see also ref. 11. Taking the case of unhindered lateral diffusion and a diagonal diffusion matrix (in which the cross-diffusion terms are neglected), the Banach norm P* of the inverse diffusion matrix is just equal to the reciprocal of the diffusion coefficient of the slowest diffusing component. Using then, for the sake of illustration the value of 1O-9 cm2/sec for the diffusion coefficient of this component, one can see that for values of the period of an oscillatory reactive mode of, say, 2 and 5 min, the critical focal nucleation size for spatiotemporal structures are of the order of 59.2 um2 and 148 tim2, respectively. These figures correspond to linear dimensions of the square planar focal domains of 7.7 ,m and 12.2 ,m, respectively.
In a pure lipid membrane above its transition temperature, it may be either more convenient or more useful to express the estimate of the critical focal size Ha in terms of the lateral diffusion coefficient of the consitituent phospholipid molecules themselves rather than those of the molecules of the slowest diffusing reactant. Provided these latter reactant molecules diffuse laterally in the membrane by means of the usual freevacancy mechanism (12)-arising from, among others, the multiple trans-gauche interconversion (rotational isomerization) of the lipid molecules as well as their lateral diffusionthen the use of a derived relation for the ratio of the diffusion coefficients of a massive diffusant and of phospholipid in a lipid liquid-crystalline lattice (13) allows us to write down an estimate of the critical focal nucleation size, assuming as before a diagonal diffusion matrix.
A~cnt(As) = 7rOLr(,k)/2,0fb' [13b] in which AL is the molecular area of a constituent phospholipid (1978) In this expression Xd denotes the thickness of the condensed thin layer, T its absolute temperature, v the viscosity of the medium external to the thin layer (with fd >> ?), and kB and y are, respectively, Boltzmann's and Euler's constants. After the above remarks it seems almost unnecessary to recapitulate, as I wish to do by way of conclusion, that the estimates presented here are, of course, most simply applied to artificially prepared (nonmesomorphic) thin layers in which a known set of oscillatory reactions can be arranged to take place. In this case, by hindsight, the most promising reactions would be oscillatory redox reactions involving either purely inorganic or simple organic reactants. It will not have escaped the reader's attention, however, that of greater potential importance is their application to redox reactions occuring naturally in intact cell membranes. I would especially single out the membrane electron transfer reactions that take place in endoplasmic reticulum involving the cytochrome chain of enzyme molecules (18) . There is now sufficient evidence to warrant the conclusion that such membrane enzyme molecules, e.g., cytochrome b5 reductase (NADH:ferricytochrome b5 oxidoreductase, EC 1.6.2.2) and cytochrome b5, float freely in the bilayer (19, 20) -unlike (10) certain receptor molecules (but see ref. 11)-and that the electron transfer reactions are fully contingent on planar (lateral) diffusion and therefore crucially dependent on the viscosity of the membrane. Due note must also be taken of the recent important experimental verification (21) that in the cell (plasma) membrane of C1300 neuroblastoma cells the viscosity of the membrane bilayer itself oscillates with the cell cycle. Finally, it should be observed that the estimate given by expression 13c is independent of the extent of surface exposure of the macromolecules of the slowest diffusant to the external medium (17) . This is a desirable property for any such estimate, because it now appears likely that changes in the viscosity of the bilayer can change the amount by which the imbedded membrane macromolecules are exposed to the external medium. This fact has already been demonstrated (22) , using fluorescence spectroscopic methods, for sulfhydryl-labeled erythrocyte membrane proteins in experiments in which the bilayer fluidity has been externally modulated by varying the phospholipid composition.
